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Abstract. In earlier works [4],[5] we examined the eigenfunctions of Sturm-Liouville systems of 
the form -y”(r) + q(z)y(z) = ,!y(z) on a bounded interval having eigenfuntions with jump 
discontinuities. An eigenfunction expansion theorem for these discontinuous Sturm-Liouville 
problems along with applications of the theory were presented. In this note we review earlier 
results and examine the possibilities for extending our results to general, single and multiple 
discontinuity cases. 
1. INTRODUCTION 
The ideas for this work originate from a paper by Hald [I] in which a reconstruction algo- 
rithm for the inverse Sturm-Liouville problem with symmetric potentials is presented. Hald 
uses the eigenfunction expansion theory from Titchmarsch [2] to develop the formulae and 
convergence proofs for his algorithm. In [3],[4] Kobayashi extends Hald’s algorithm to the 
discontinuous inverse Sturm-Liouville problem with symmetric potentials. The algorithm for 
the discontinuous problem relies on an eigenfunction expansion result [4],[5] which extends 
Titchmarsch’s work to the symmetric discontinuous problem. The possibility of developing 
an algorithm without the symmetry restrictions on the locations of the discontinuities was 
suggested to me first by Hald in 1987 at the University of California, Berkeley then by the 
members of the Mathematical Society of Japan in the fall of 1988 at Kanazawa University. 
2. THE CONTINUOUS STURM-LIOUVILLE EXPANSION 
In [2] Titchmarsch considers the continuous problem 
-Y”W + dZ)Y(Z) = XY(Z) (1) 
on the interval a < z < b. He shows that the Sturm-Liouville expansion for f converges to 
f in the same manner as does the Fourier Series expansion for f. In particular, it converges 
to ${f(z + 0) + f(z - 0)) if f E BV[a, b]. In the proof Titchmarsch constructs the function 
@ = x(zc, A) s,” 4(Y, X)f(YPY + 4(x, A> s,” X(Y7 X)f(YPY 
I.. 
where x and 4 are solutions of equation (1) satisfying the boundary 
~(a, A) = sin cy ; x’(a, A) = - cos a 
qi(b, A) = sinp ; d’(b, A) = - cosp, 
and w(X) is the Wronskian function defined as+ 
w(X) = $(z)?(z) + d’(z)x(z). 
conditions 
I would like to thank Prof. Ole H. Hald of the U. C. Berkeley for his patient help and Prof. Nakashima of 
Waseda Univeristy for his very kind encouragement. 
+ $WQ* x1 = 0 for the St--Liouville problem Hence iV(b, x) = 0 is independent of z and is a function 
of X only. Therefore we may define w(X) = W(d, x). 
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Next he considers the integral 
1 
2Kir / 
@(z, X)dX (2) 
where I’ is the closed contour in the A- plane described as follows. Let X = kZ = u + ir, 
the upper half of r consist of the points 
and I’ be symmetrical about the real axis. Titchmarsch considers the asymptotic expansions 
of 4 and x and shows that in the limit as n + 00 the lower order terms vanish. The Sturm- 
Liouville expansion converges to the Fourier Series expansion of f so that 
where k, is defined by x(z, A,) = Ic,d(z, A,). 
3. DISCONTINUOUS STURM-LIOUVILLE EXPANSIONS 
The theorem below from Kobayashi [4],[5] h s ows how any sectionally continuous function 
can be expanded in terms of the eigenfunctions of a Sturm-Liouville system where the 
eigenfunctions have two symmetrically located discontinuities satisfying symmetric jump 
conditions. 
THEOREM. Consider the eigenvahe problem 
-Y’W + fd+)Y(+) = AY(Z) (3) 
on 0 5 x 5 x satisfying the symmetric boundary conditions 
hy(0) - y’(0) = by(n) + y’(n) = 0 (4) 
with two symmetric discontihuities at x = dl and x = d2 = x - dl ; 0 < dl < 5 satisfying 
the jump conditions: 
y(dl+) = ay(dl-), y’(d1-t) = a -‘y’(dl-) + by(dl-) (5) 
y(d2-) = ay(dz+), y’(dz-) = a-‘y’(dz+) - by(dz+). (6) 
Here a > 0 and b are jump constants, h is a boundary constant and q is integrable on 
0 < I < s. Let k = 6, c = max(lbl, lhl, Jo” Iq(t)ldt), and assume c/lkl < l/3. Let {Xj} be 
the eigenvalues of (3), uj and vj be the solutions of equation (3) ktisfying the bc&ndary 
conditions 
u(0) = 1, u’(0) = h 
v(7r) = 1, v’(r) = -h, 
(7) 
(8) 
and f be a sectionally 0 function on (0, T) with sections (0, dl), (dl, &) ad (6, ~1. Then 
Q) 
f(x) = c vj Jo’ uj f dy + uj $,” vj f dy 
j=O w’(xj> 
on (O,&), (dl,dd ad (&, ~1. 
The proof follows the outline from Titchmarsch [2], with modifications to accomodate the 
discontinuities. Volterra integral equations for discontinuous Sturm-Liouville eigenfunctions 
derived by Hald [6] and Willis_[7],[8] are used in lieu of their continuous counterparts. We 
note that only the leading order terms of the integral equations are considered in the proof 
so that two systems with finitely many differing eigenvalues may also be used to construct 
an expansion for f. 
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COROLLARY 1. Let f, Uj and Vj be defined as in the theorem above. And let iij and_iYj be 
solutions of (3) with a, b, q, h and {Xj} replaced b _V with 2, 6, i, L and {Ii}. IfXj = Xj for 
j > n, then f has an expansion 
co 
f(x) = c cj J; Uj f dy + iij s,” vj f dy 
j=O w’(xj) 
on compact subsets of (0, dl), (dl, dz) and (dz, r). 
Corollary 1 is used to prove convergence of an algorithm to solve the discontinuous inverse 
Sturm-Liouville problem with symmetric potentials given in [4],[5]. 
The expansion for f in the theorem above is not in a convenient form for the general 
reader. In the corollary below we present our result in a form analogous to the Fourier series 
expansion. 
COROLLARY 2. Let Ui be an eigenfunction of (3) - (8), and Jet f and f’ be sectionaJJ_v 
continuous on (0, r) with sections (0, d), (d, in - d), (r - d, r). Then 
on (0, dl), (4,&J and (4, ~1. 
Our results cannot be extended to the general two discontinuity case and are not suitable 
for problems other than the continuous and symmetric two discontinuity case. For the 
general discontinuity case bounds on terms in the integrand of (2) cannot be obtained to 
show convergence to the Fourier Series expansion of f. For the single discontinuity case 
the relation vi = (-l)j ~j does not hold SO that the relationship (-l)‘/u’(Xj) = l/llujjjz 
cannot be gotten; we are not able to obtain an expansion of the form given in Corollary; 
2. It is possible that expansions may be developed for symmetric problems with a greater, 
even number of discontinuities using our methods. We note, however, that deriving Volterra 
Integral equations for just the four discontinuity case would be tedious if not impossible. 
Alternative theorems and proofs from Fourier Theory may lead to further insights. 
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